An exact solution of the acoustic field around the rotating dipole source has been derived by using a series expansion method and the gradient calculation in the spherical and cylindrical coordinate systems which extends a previously published solution for a rotating monopole source. The proposed exact solution establishes an analytical method to predict the sound radiated from the rotating blades once the acoustic sources have been known.
As concerns the exact solution, Ju and Shen 10 has firstly proposed an approximate frequency-domain near-field solution for the noise radiated from the rotating monopole point source. After that, Wu et al. 11 has conducted the exact frequencydomain solution. Recently, Poletti and co-worker 12, 13 have deduced an exact time-domain spherical harmonic solution and verified that the exact solution is coincident with the numerical results. Moreover, some related models, such as the rotating disk-shaped source, 14 line source, 15 and the ring source 16 have been presented. All the above models assume that the source is monopole. Additionally, the exact series expansions have been given by Carley 17 for the stationary monopole and dipole ring sources with angular variation in source strength. Recently, Roger 18 has proposed an analytical model for the rotating dipole source with neglecting the radial component. Based on this model, the far-field approximation result could be analytically calculated, but the Fourier coefficients of the auxiliary functions should be numerically computed to obtain the near-field result. In this paper, the exact frequency-domain solution of the noise radiated from the unsteady rotating dipole point source has been proposed.
II. EXACT SOLUTION FOR ROTATING MONOPOLE POINT SOURCE
A. Exact solution in spherical coordinate system
The exact solution for the noise radiated from the rotating monopole point source has been published by Wu et al. 11 in
Chinese. As it is the basis for the present work, the main derivation process is given as follows. As shown in Fig. 1 , the spherical coordinate system is established to deduce the exact frequency-domain solution of the noise radiated from the rotating monopole point source. The monopole source qðsÞ rotates around the Z axis in the XY plane with a constant angular frequency x R . The position of the source at the instantaneous time s is yðr s ; h s ; / s Þ, where h s is the elevation angle measured from the Z axis, / s is the azimuth angle measured from the X axis. Assuming the initial azimuth angle of the source is / 0 , there is / s ¼ / 0 þ x R t. For a stationary observation point xðr; h; /Þ, the time-domain acoustic pressure is 
where c is the acoustic speed, t is the observer time, r 0 ðsÞ is the distance between the source and the observer, and defined by r 0 ðsÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi r s 2 þ r 2 À 2rr s cosb p , and b is the included angle of the position vectors between r s and r, and it has the following relationship:
For the rotating source at constant speed, the frequencydomain acoustic pressure could be obtained from Eq. (1) 
Moreover, the exponential function can be expressed in the spherical harmonics as 
where r < is the smaller of rand r s and r > is the larger, P n ð Þ is Legendre function of order n, j n ð Þ and h n ð Þ are the spherical Bessel and Hankel functions of order n. According to the addition theorem for Legendre function, one could obtain
where P m n ð Þ is the associated Legendre function. Assuming the source is monochromatic, there is
where Q is the complex strength of the source which includes both the amplitude and the phase, x 0 is the frequency of the source. Substituting Eqs. (6)- (8) into Eq. (5), the exact frequency-domain solution of the noise radiated from the rotating monopole point source is obtained as follows:
where
As mentioned in Sec. I, Poletti 12 has proposed an exact timedomain series expansion for the rotating monopole source. Actually, the above Eq. (9) could also be deduced from Poletti's result. The detailed analysis could refer to Appendix A. Moreover, Carley's result 17 for the stationary ring source with angular variation in source strength could also be derived from Eq. (9) and the detailed derivation process could refer to Appendix B.
B. Exact solution in cylindrical coordinate system
Since the cylindrical coordinate system is more widely used to analyze the aerodynamics and aeroacoustics of rotating blades, it is necessary to convert Eq. (9) in the spherical coordinate system to the expression in the cylindrical coordinate system. The source and observer position vectors in the cylindrical coordinate system are yðR s ; / s ; Z s Þ and xðR; /; ZÞ, respectively. And the following relationship is established:
Making use of the equation above, Eq. (9) can be expressed in the cylindrical coordinate system as follows: 
In the next section, Eqs. (9) and (15) are used to deduce the exact solutions of the rotating dipole source expressed in the spherical and cylindrical coordinate systems, respectively.
III. EXACT SOLUTION FOR ROTATING DIPOLE POINT SOURCE
The frequency-domain acoustic pressure radiated from the rotating dipole source is
r y Gðx; yðsÞ; xÞ Á fðyðsÞ; sÞe jxs ds;
where fðyðsÞ; 
Using the following derivative properties of the spherical Bessel function and associated Legendre function
we could obtain @Gðx; yðsÞ; xÞ
@Gðx; yðsÞ; xÞ
e m e 1mn d 1m ;
@Gðx; yðsÞ; xÞ @/ s ¼ @Gðx; yðsÞ; xÞ
where 
Substituting Eqs. (22)- (27) into Eq. (18), yielding
e m c 1mn md 2m ;
B. Exact solution in cylindrical coordinate system
As in the case of the rotating monopole source, we could also derive the exact series expansion in the cylindrical coordinate system, and the gradient of the Green's function in the cylindrical coordinate system is expressed as 
e m c 2mn md 2m ;
e m e 2mn d 1m ;
So, the frequency-domain acoustic pressure radiated from the rotating dipole source is
The three terms on the right hand side of Eq. (39) can be expressed as
e m c 2mn md 2m ; (41)
IV. RADIATION FEATURES AND DISCUSSION

A. Acoustic frequency
According to the property of the Dirac delta function in Eqs. (12) and (27), the acoustic frequency that could be received is dependent on both the rotating frequency and self-frequency of the source, that is
where m is named as the difference coefficient for convenient description of the following paper. It also means that the receiver could only hear the discrete sound radiated from a rotating monochromatic source, which is different from the Doppler shift feature of the uniformly moving source. Moreover, when m is equal to 0, it can be obtained from Eqs. (31) and (41) that the component in the azimuth direction of the source has no contribution to the total noise level, and also from Eqs. (29), (30), (40) and (42), it can be concluded that the acoustic pressure is independent of the initial azimuth angle / 0 of the rotating source and the azimuth angle / of the receiver.
B. Sound at the rotating axis
The definition of the associated Legendre function of the first kind of degree n and order m is as follows:
It has the following feature:
So when the receiver is located on the rotating axis where (42)], the radiated acoustic pressure is not equal to 0 only when m ¼0, it means that the observer on the rotating axis could only receive the sound of the frequency which is equal to the self-frequency of the rotating source.
C. Acoustic field at the circle of h5const and r5const
Seen from Eqs. (29)-(31) , it can be concluded that the amplitude of the acoustic pressure is dependent on the radius r and the elevation angle h of the observer, while the phase of the acoustic pressure is only dependent on the azimuth angle /. It indicates that the observers located on the circle of h ¼ const and r¼ const but with different azimuth angle / have the same amplitude but usually have the phase difference. Especially, when m¼ 0, the complex sound pressures received by different observers not only have the same amplitude but also have the same phase.
D. Acoustic field at the surface /5const
The associated Legendre function of the first kind of degree n and order m has the following differential feature: 
Using Eq (45) and the Rodrigues' formula 
From Eq. (51), one could easily deduce that the extremum of the acoustic pressure could usually be achieved when h¼ðkpÞ=2; k ¼ 0; 1; 2; 3. However, whether the extremum is maximum or minimum is decided by the relationship between the rotating frequency and the self-frequency of the source and the acoustic frequency.
E. Acoustic filed at the cylinder surface R 5 const
As in the case of the spherical coordinate system, the amplitude of the sound pressure is dependent on the radius R and the axial coordinate Z in the cylindrical coordinate system, while the phase of the acoustic pressure is only dependent on the azimuth angle /. The observers located on the cylinder surface with the same axial coordinate have the same amplitude but usually have the phase difference except for m ¼ 0.
V. NUMERICAL VERIFICATION AND ILLUSTRATION
A. Truncation analysis
Both the exact solutions for rotating monopole and dipole sources have infinite number of terms for the index n, however, it should be truncated for the real computation. At least, two following factors should be considered for the truncation number of index n. Firstly, as the tonal noise is usually received from the monochromatic source, and the truncation number is related to the interested frequency x. When x is larger than the source frequency x 0 , the truncation number N should satisfy x < x 0 þ Nx R , that is to say, N > ðx À x 0 Þ=x R . Similarly, when x is less than the source frequency x 0 , the truncation number N should satisfy N > ðx 0 À xÞ=x R . Secondly, as suggested by Poletti, 12 ,13 the truncation number should not be less than N tr2 ¼ dxr < =c 0 e due to the nature of exponentially decay of the spherical Bessel function, where dÁe means the round up calculation. Based on the above analysis, the truncation number should be
where N tr1 ¼ djx À x 0 j=x R e. The above result implies that the truncation number is dependent on the rotating frequency, self-frequency of source, acoustic frequency, and r < . Moreover, for the observer whose acoustic pressure is not zero, we define the relative error eðN real ; kr < Þ as follows 
where p ðN real Þ ðx; xÞ means the acoustic pressure obtained from the series expansion with the truncation number N real . For different frequencies, we ensure that the relative error should be less than 0.001. As shown in Fig. 2 , the computational result shows that the real truncation number N real is slightly larger than or equal to N th . In addition, more numerical tests confirm that the real truncation number N real is independent of the elevation and azimuth angles of the source and observer, and r > . It should be noted that the above result is suitable for both monopole and dipole sources.
B. Numerical verification
In order to validate the present series expansions, the running parameter of the rotating monopole source is the same as that of Poletti and Teal. 13 The point source rotates counterclockwise around the Z axis at radius r s ¼ 1 m in the XY plane, with the initial location on the Y axis and with the unit source strength. The rotational frequency f R and the selffrequency f 0 of the rotating source are 27 Hz and 500 Hz, respectively, which corresponds to the rotational Mach number M ¼ x R r s =c 0 % 0:5. The rotating dipole source has the same running parameter but with unit radial source strength. The observer is located on the X axis with r ¼ 2 m.
Moreover, the time-domain numerical method is used to compute the instantaneous acoustic pressure radiated from the rotating monopole and dipole sources, respectively. The conventional source-time dominant algorithm is employed to solve the retarded time equation, and the sampling interval and time for the source are 10 À4 s and 1 s, respectively. The calculated time-domain signals received by the stationary observer are interpolated and then transferred into the frequency-domain signals by executing the fast Fourier transformation (FFT). Figure 3 displays the spectrum of the acoustic pressure radiated from the rotating monopole source. It can be seen that, at the most of frequencies, the acoustic pressures obtained from the series expansion are usually slightly higher than those from the numerical computation. This deviation is due to the truncated error of the series expansion and the numerical errors of the interpolation and the FFT in the numerical computation. Additionally, the above results have a reasonable agreement with those of Poletti and Teal, 13 including the feature of the biased error between the series expansion and the numerical computation.
As concerns the rotating dipole source, Fig. 4 shows the results of the series expansion in both the spherical and cylindrical coordinate systems, and also shows the numerical result using the time-domain method. Similarly to the rotating monopole source, the biased errors between the series expansion results and the numerical results are very slight.
C. Computational results
Some results are presented for the acoustic field around the rotating dipole source to illustrate the above radiation features. It is assumed that the radial dipole source rotates counterclockwise around the Z axis at radius r s ¼ 1 m in the XY plane, with the initial location on the Y axis and with the unit source strength. The rotational angular frequency x R and the self-angular frequency x 0 of the rotating source are 50 rad/s and 1000 rad/s, respectively, which corresponds to the rotational Mach number M ¼ x R r s =c 0 ¼ 0:147 and the frequency ratio x 0 =x R ¼ 20.
The acoustic fields around the rotating dipole source at the surface h¼p=2ðZ ¼ 0Þ for different frequencies have been shown in Figs. 5-8. Because the sound pressures of the receivers at the same radius have the same amplitude, only the real part of the acoustic field has been presented. Figure 5 illustrates the sound received at the same radius not only has the same sound amplitude but also has the same phase for the frequency x¼x 0 , Figs. 6-8 displays the spiral distribution of the real part of the acoustic field for the frequencies x > x 0 owing to the phase difference. Moreover, the number of the spirals is equal to the difference coefficient m in Eq. (44) and the spiral direction is the same as the rotating direction. The sound directivity patterns for different frequencies at the surface /¼ 0 have been given in Figs. 9 and 10 . The sound pressure achieves the maximum for x¼ x 0 when the elevation angle of the receiver is h 0 ¼ðkpÞ=2; k ¼ 0; 1; 2; 3. However, if x is equal to x 0 6mx R ðm 6 ¼ 0Þ, the sound pressure will achieve the maximum when the elevation angle of the receiver is h¼p=2; ð3pÞ=2 and achieve the minimum when the elevation angle of the receiver is h ¼ 0; p. The above exact solution could be used to model the noise of the propellers and fans. For the propellers and axial flow fans, there is only the phase difference of the initial location for the rotating sources, but for the centrifugal fans, both the complex source strength and the initial location of sources have the phase difference due to the effect of the asymmetrical centrifugal volute. More detailed discussions on the acoustic model for axial and centrifugal fans will be presented in further.
VI. CONCLUSIONS
An exact frequency-domain solution of the acoustic field around the rotating dipole source has been developed as an extension of the exact solution for the rotating monopole source. The observer usually receives the discrete sound radiated from a rotating monochromatic source but the observer on the rotating axis could only receive the sound whose frequency is equal to the self-frequency of the rotating source. In addition, the sound received at the surface h¼ const is isotropic but usually different in the phase except for the acoustic frequency equal to the self-frequency of the rotating source. And the sound received at the surface /¼ const is directional, and the sound pressure achieves the extremum for h¼ðkpÞ=2; k ¼ 0; 1; 2; 3. 
we could obtain the frequency-domain Eq. (9) As defined by Carley, 17 the stationary monopole ring source is at radius a in the plane Z ¼ 0, with the source strength qðtÞ¼e iðl/ 0 Àx 0 tÞ , where l is a positive integer, and referred to as the harmonic number. 19 Based on the definition above, we have x R ¼ 0, cos h s ¼ 0, and Q ¼ e il/ 0 . Inserting the above relations into Eq. (9) and integrating around the circumference of the ring, one could obtain the sound pressure radiated from the ring monopole source as follows: 
where n ¼ l þ 2m has been used. Now, using the following equation 
